A relationship between s-extremal singly even self-dual [24k + 8, 12k + 4, 4k + 2] codes and extremal doubly even self-dual [24k + 8, 12k + 4, 4k + 4] codes with covering radius meeting the Delsarte bound, is established. As an example of the relationship, s-extremal singly even self-dual [56, 28, 10] codes are constructed for the first time. In addition, we show that there is no extremal doubly even self-dual code of length 24k+8 with covering radius meeting the Delsarte bound for k ≥ 137. Similarly, we show that there is no extremal doubly even self-dual code of length 24k + 16 with covering radius meeting the Delsarte bound for k ≥ 148. We also determine the covering radii of some extremal doubly even self-dual codes of length 80.
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the number of non-zero components of x. A vector of C is called a codeword of C. The minimum non-zero weight of all codewords in C is called the minimum weight of C and an [n, k] code with minimum weight d is called an [n, k, d] code. The automorphism group of C consists of all permutations of the coordinates of C which preserve C. Two codes are equivalent if one can be obtained from the other by permuting the coordinates.
The dual code C ⊥ of a code C of length n is defined as C ⊥ = {x ∈ F n 2 | x · y = 0 for all y ∈ C}, where x · y is the standard inner product. A code C is called self-dual if C = C ⊥ . The minimum weight d(C) of a self-dual code C of length n is bounded by d(C) ≤ 4⌊n/24⌋ + 4 unless n ≡ 22 (mod 24) when d(C) ≤ 4⌊n/24⌋ + 6 [19] . We say that a self-dual code meeting the upper bound is extremal.
Self-dual codes are divided into two classes, namely, doubly even selfdual codes and singly even self-dual codes. A self-dual code is called doubly even and singly even if all codewords have weight ≡ 0 (mod 4) and if some codeword has weight ≡ 2 (mod 4), respectively. A doubly even self-dual code of length n exists if and only if n ≡ 0 (mod 8), while a singly even self-dual code of length n exists if and only if n is even.
Let C be a singly even self-dual code and let C 0 denote the subcode of codewords having weight ≡ 0 (mod 4). Then C 0 is a subcode of codimension 1. The shadow S of C is defined to be C ⊥ 0 \ C. Shadows were introduced by Conway and Sloane [8] , in order to provide restrictions on the weight enumerators of singly even self-dual codes. The minimum weight d(D) of a coset D is the minimum non-zero weight of all vectors in the coset. Let C and S be a singly even self-dual code of length n and its shadow, respectively. Bachoc and Gaborit [2] showed that
unless n ≡ 22 (mod 24) and d(C) = 4⌊n/24⌋ + 6, in which case d(S) = n 2 + 8 − 2d(C). A singly even self-dual code C meeting the bound is called s-extremal. The existence of many s-extremal singly even self-dual codes was mentioned in [2] . For minimum weight 10, it is known that there is an sextremal singly even self-dual code of lengths 46, 50, 52, 54, 58 (see [2, Section 7] ).
The covering radius R(C) of a code C of length n is the smallest integer R such that spheres of radius R around codewords of C cover the space F n 2 . It is known that the covering radius R(C) is the same as the largest value among the minimum weights of nontrivial cosets (see [18, Theorem 13 
The covering radius is a basic and important geometric parameter of a code. Let C be a code of length n and let A ⊥ i be the number of vectors of weight i in C ⊥ . It was shown in [9] that R(C) ≤ |{i | A ⊥ i = 0, 0 < i ≤ n}|. The bound is called the Delsarte bound (see [1] ). Much work has been done concerning covering radii of extremal doubly even self-dual codes (see e.g., [1] , [14] , [17] , [20] Let C be a singly even self-dual code and let C 0 denote the subcode of codewords having weight ≡ 0 (mod 4). Then there are cosets
Two self-dual codes C and C ′ of length n are said to be neighbors if dim(C ∩ C ′ ) = n/2 − 1. If C is a singly even self-dual code of length divisible by 8, then C has two doubly even self-dual neighbors, namely C 0 ∪ C 1 and C 0 ∪ C 3 (see [5] ). Proof. Suppose that C is an s-extremal singly even self-dual [24k + 8, 12k
have minimum weight at least 4k + 4. By the bound on the minimum weight, both C 0 ∪ C 1 and C 0 ∪ C 3 have minimum weight 4k + 4, that is, the codes are extremal. The sets C 2 ∪ C 3 and
Hence, both C 0 ∪C 1 and C 0 ∪C 3 have covering radius at least 4k +2. By the Delsarte bound, both C 0 ∪ C 1 and C 0 ∪ C 3 have covering radius 4k + 2.
Conversely, suppose that D is an extremal doubly even self-dual [24k + 8, 12k + 4, 4k + 4] code with covering radius 4k + 2. Then there is a coset v + D of minimum weight 4k + 2. Set D 0 = {x ∈ D | v · x = 0}, which is a subcode of index 2. Then there are cosets
consists of the vectors whose weight is congruent to 2 (mod 4) and D 3 consists of the vectors whose weight is congruent to 0 (mod 4) [5, Lemma 3] . In addition, Corollary 3. If C is an s-extremal singly even self-dual [24k+8, 12k+4, 4k+ 2] code, then the weight enumerator of a coset of minimum weight 4k + 2 in the two doubly even self-dual neighbors C 0 ∪ C 1 and C 0 ∪ C 3 is given by i≡2 (mod 4)
Proof. By Theorem 1,
The weight enumerator of an extremal doubly even self-dual code of length n is uniquely determined. Since C 0 ∪ C 1 and C 0 ∪ C 3 are extremal doubly even self-dual codes, C 1 and C 3 have the identical weight enumerators. Hence, the weight enumerators of C 2 ∪ C 3 and C 2 ∪ C 1 are given by (2) . By Corollary 1 to Theorem 1 in [1] , the cosets of minimum weight 4k+2, if there are any, have unique weight enumerators.
As an example of Theorem 1, we consider the case k = 1. There are five inequivalent extremal doubly even self-dual codes of length 32 [7] . These codes are denoted by C81, C82, C83, C84 and C85 in [7, In this section, we consider the case k = 2. Some s-extremal singly even self-dual [56, 28, 10] codes are constructed. The existence of such self-dual codes was not previously known (see [2] ).
By using [8, (10) , (11) 
respectively. The existence of extremal doubly even self-dual codes of length 56 with covering radius 10 is known [14] , [17] and [20] . [3] , which have covering radius 10. We denote the code in [3] by BY B. Ozeki [17] We verified by Magma [4] that the code E has automorphism group of order 9.
By comparing the automorphism groups of D i (i = 1, 2, . . . , 70) and E, we see that these 71 codes are pairwise inequivalent. Therefore, we have the following: The existence of such self-dual codes was not previously known (see [2] ). 4 Covering radii of some extremal doubly even self-dual codes of length 80
In this section, we consider the case k = 3. The covering radii of some extremal doubly even self-dual codes of length 80 are determined. The extended quadratic residue code QR 80 of length 80 is an extremal doubly even self-dual code. It was shown in [10] that there are 11 extremal doubly even self-dual [80, 40, 16] codes with an automorphism of order 19, up to equivalence. The 11 codes are denoted by C 80,1 , C 80,2 , . . . , C 80,11 in [10] . Also, none of them is equivalent to QR 80 . There are six (resp. five) inequivalent pure (resp. bordered) double circulant extremal doubly even self-dual codes of length 80 [11] . These codes are denoted by P 80,i (i = 1, 2, . . . , 6) (resp. B 80,i (i = 1, 2, . . . , 5)) in [11] . Note that P 80,1 and B 80,5 are equivalent. Also, we verified by Magma [4] that P 80,1 is equivalent to QR 80 . Very recently, 14 more inequivalent extremal doubly even self-dual codes of length 80 have been found in [15] . These codes are denoted by L 80,i (i = 1, 2, . . . , 14) in [15, Table 11] . Hence, at least 35 inequivalent extremal doubly even selfdual codes of length 80 exist 1 . By the method given in [13] , we found two extremal doubly even self-dual codes N 80,1 and N 80,2 of length 80. The code N 80,i (i = 1, 2) has generator matrix ( I 40 M 80,i ), where I 40 denotes the identity matrix of order 40 and M 80,1 (resp. M 80,2 ) is listed in Figure 1 (resp. Figure 2) . In the figures, each row of M 80,i is written in octal using 0 = (000), 1 = (001), . . . , 6 = (110) and 7 = (111), together with a = (0) and b = (1), where, for example, the (1, 2)-entry indicates the second row and the (2, 1)-entry indicates the 5th row.
We verified by Magma [4] that N 80,1 and N 80,2 have automorphism groups of orders 32 and 64, respectively. Since none of the 35 known inequivalent extremal doubly even self-dual codes of length 80 has automorphism group of order 32, 64, we have the following: Proposition 5. There are at least 37 inequivalent extremal doubly even selfdual codes of length 80.
By the Assmus-Mattson theorem, the supports of the codewords of minimum weight in an extremal doubly even self-dual code of length 80 form a self-orthogonal 3-(80, 16, 665) design. We verified that each of the 37 extremal doubly even self-dual codes of length 80 is generated by the codewords of minimum weight. Hence, we have the following: Corollary 6. There are at least 37 non-isomorphic self-orthogonal 3-(80, 16, 665) designs having 2-rank 40.
0040734771561a 4434543163675b 2602474666733b 1715423124350b 0352004645161a 3206160642302a 2660112641633b 6053127640067a 7431246537036b 4577441737365b 2663035540577b 1725203477272b 0346314420530a 4577753007251a 1114607163256a 4052516666522a 1346325653523b 7600030245123a 0463176442323a 4625262036154b 2706324200063a 5757747317034b 2373176750413a 5561262173200b 5513453515272b 2251030451530a 2247576744126b 6240715602721b 4243224261422a 6535307327614a 7642356744703a 7335772175344b 3142160261567a 5075665327676b 2022127744732a 2372131202427b 6216136061561a 0264135550102a 4526643473044a 1130243355350b We determine the covering radii of the codes C 80,i (i = 1, 2, . . . , 11) in [10] , P 80,i (i = 1, 2, . . . , 6), B 80,i (i = 1, 2, 3, 4) in [11] , L 80,i (i = 1, 2, . . . , 14) in [15] and the new codes N 80,i (i = 1, 2) as follows. By the Delsarte bound, the covering radius of an extremal doubly even self-dual code of length 80 is at most 14. By modifying the method in [16] , we verified that there is no coset of minimum weight 13 and there is a coset of minimum weight 12 for the codes C 80,i (i = 1, 2, . . . , 11), P 80,i (i = 1, 2, . . . , 6), B 80,i (i = 1, 2, 3), L 80,i (i = 1, 2, . . . , 14) and N 80,i (i = 1, 2). In this calculation, the automorphism groups are useful to reduce the number of cosets which must be considered. Also, we verified that there is no coset of minimum weight 14 and there is a coset of minimum weight 13 for the code B 80,4 . Hence, we have the following: 2017612646116b 1314312723575b 7122225026433b 4035272764050b 5472655005261a 6526731002002a 7140743001533b 4004001777410b 5466360400441a 6520567600712a 7143664300677b 4005452237172b 5466545260630a 1257102647151a 3143721054621b 6005430751155b 3311203764154a 2120661405223a 5343727202023a 6672344101523a 0751202337414b 0077116557334b 7453727110713a 7536344044677a 0233202355172b 0206116566147b 7567327104226b 3560144042421b 6214302356055b 3215556567514a 2162507104403a 2415123735044b 6662731421667a 7022743210201a 0075001673345b 7452760442727b 4241010156116b 2233013467575b 1206012233344a 4610412515050b The covering radii of extremal doubly even self-dual codes of length 80 are determined for the first time. The above proposition indicates that there are many extremal doubly even self-dual codes with covering radius not meeting the Delsarte bound. It is an open problem to determine whether there is an extremal doubly even self-dual [80, 40, 16] Proof. Zhang [21] showed the non-existence of an extremal doubly even selfdual code of length 24k + 8 for k ≥ 159. Hence, by Theorem 1, there is no s-extremal singly even self-dual [24k + 8, 12k + 4, 4k + 2] code for k ≥ 159. By using [8, (10) , (11)], we numerically determined the weight enumerators of an s-extremal singly even self-dual [24k +8, 12k +4, 4k +2] code C and its shadow for each k ≤ 158. This calculation was done by the program written in Magma [4] which is listed in Appendix A. Then we find that the weight enumerator of C contains a negative coefficient for k = 137, 138, . . . , 158. The first assertion follows. The second assertion follows from Theorem 1 immediately.
6 Non-existence of certain extremal doubly even self-dual codes of length 24k + 16
The argument in the previous section can be applied to Proof. Zhang [21] showed the non-existence of an extremal doubly even selfdual code of length 24k + 16 for k ≥ 164. Hence, by Lemma 9, there is no s-extremal singly even self-dual [24k + 16, 12k + 8, 4k + 4] code for k ≥ 164. By using [8, (10) , (11)], we numerically determined the weight enumerators of an s-extremal singly even self-dual [24k + 16, 12k + 8, 4k + 4] code C and its shadow S for each k ≤ 163. This calculation was done by slightly modifying the program given in Appendix A to this case. Then we find that the weight enumerator of S contains a negative coefficient for k = 148, 149, . . . , 163. The first assertion follows. The second assertion follows from by Lemma 9 immediately.
